ABSTRACT. In this note we show that any closed, oriented 3-manifold is the boundary of a simply connected 4-manifold that admits infinitely many distinct smooth structures. We also show that any fillable contact 3-manifold is the boundary of a simply connected 4-manifolds that admits infinitely many distinct smooth structures each of which supports a symplectic structure with concave boundary, that is there are infinitely many exotic caps for any contact manifold.
INTRODUCTION
Quickly after the groundbreaking work of Freedman [21] and Donaldson [8] in the early 1980s it was realized that closed 4-manifolds could support more than one smooth structure. The first such example appeared in Donaldson's paper [9] after which it was shown by Okonek and Van de Ven [36] and Friedman and Morgan [22] that some topological 4-manifolds admit infinitely many smooth structures. Since then there have been a great deal of work showing that many simply connected 4-manifolds admit infinitely many smooth structures and it is possible that any 4-manifold admitting a smooth structure admits infinitely many.
A relative version of this phenomena has not been as well studied. Natural questions along these lines are the following.
Question 1. Given a smooth 4-manifold with boundary, does it admit infinitely many distinct smooth structures?
We also have the following easier question.
Question 2. Given a 3-manifolds, is it the boundary of a 4-manifold that admits infinitely many smooth structures?
In this paper we completely answer the second question. Theorem 1.1. Let Y be a closed oriented 3-manifold. There is a compact, simply connected 4-manifold X such that ∂X = Y and X admits infinitely many non-diffeomorphic, rel boundary, smooth structures.
We will call a 4-manifold X with boundary M a filling of M and we will call a different smooth structure on X an exotic filling, or an exotic smooth structure on the filling. So the above theorem can be stated as any closed oriented 3-manifold admits a simply connected filling with infinitely many exotic smooth structures. Remark 1.2. In the main theorem above, the smooth structures are only shown to be exotic by a diffeomorphism that is the identity on the boundary. It would also be interesting to know the answer when Y bounds an X with infinitely many exotic smooth structures that are not diffeomorphic by any diffeomorphism, we call these absolutely exotic structures. While we don't have a complete answer here, in many cases this is easy to achieve. In particular, notice that if Y has a finite number of diffeomorphisms up to isotopy, then an infinite subset of the smooth structures in Theorem 1.1 must be absolutely exotic. It is well-known that lens spaces [6] , hyperbolic manifolds [23] , and many other 3-manifolds have finite mapping class groups. So for these manifolds one may remove "rel boundary" from Theorem 1.1. Remark 1.3. An obvious way to try to construct an infinite number of smooth structures on X would be to start with one and form the connected sum with exotic smooth structures on a closed manifolds. This may not produce distinct smooth structures. For example, if one choose X to have many S 2 × S 2 summands, then connect summing X with many families of exotic smooth manifolds will produce diffeomorphic manifolds by a result of Wall [42] . For a well-chosen X it is likely that this construction will produce exotic fillings of Y , but proving they are different could be difficult as the Seiberg-Witten invariants frequently vanish under connected sum.
Prior to this work there were several works addressing Question 1 (and hence Question 2) in specific cases. We first note that since any diffeomorphism of S 3 extends over B 4 , one can use all the past work on closed manifolds to show that S 3 has many fillings with infinitely many exotic smooth structures. Similarly, one can show that diffeomorphisms of circle bundles over surfaces can be extended over the disk bundles that they bound. Thus by finding embedded surfaces in the above mentioned closed manifolds with infinitely many smooth structures, one can remove neighborhoods of these surfaces to show that some circle bundles over surfaces have fillings with infinitely many exotic smooth structures.
Moving beyond these obvious examples, the first result concerning Question 1 is due to Gompf, [27] . He showed that "nuclei" of elliptic surfaces N n have infinitely many smooth structures. These N n are simply connected 4-manifolds with with second homology of rank 2 and boundary the Brieskorn homology spheres Σ(2, 3, 6n − 1). Thus Question 2 is answered for this family of 3-manifolds.
In [4] , Akhmedov, Mark, Smith and the first author gave explicit examples of circle bundles over surfaces with infinitely many exotic smooth fillings and also showed that all of these also have Stein structures. In particular, it was shown that there are contact 3-manifolds that admit a filling by a 4-manifold that have infinitely many smooth structures and each smooth structure has a Stein structure that fills the contact structure, that is these contact manifolds admit infinitely many exotic Stein fillings. This work was extended by Akhmedov and Ozbagci in [5] to give families of Seifert fibered spaces with infinitely many exotic fillings (and exotic Stein fillings). More recently, Akbulut and Yasui [3] gave an infinite family of 4-manifolds each of which is simply connected has second Betti number b 2 = 2, and admits infinitely many distinct smooth structures (each of which is also Stein). The fillings constructed in Theorem 1.1 are large in the sense that in general they have large b 2 . In the closed case it is quite interesting to try to find the simply connected 4-manifold with the smallest b 2 that has infinitely many smooth structures. This leads us to naturally ask the following question. We also note that in [2] , Akbulut and Yasui show that many 3-manifolds (in particular ones realizing all possible homologies for a 3-manifold) admit fillings with any arbitrarily large, but finite, number of smooth structures (that also admit Stein structures).
The proof of Theorem 1.1 uses symplectic and contact geometry and as a byproduct of the proof we also establish the following result. Theorem 1.4. Let (Y, ξ) be a closed contact 3-manifold that admits a strong, respectively weak, symplectic filling, then there is a compact simply connected 4-manifold X with ∂X = −Y that has infinitely many smooth structures, each of which admits a symplectic structure that is a strong, respectively weak, symplectic cap for (Y, ξ). In addition, X has infinitely many smooth structures that admit no symplectic structures.
We recall that a compact symplectic manifold (X, ω) is a strong symplectic filling of (Y, ξ) if ∂X = Y and there is a vector field v defined near ∂X such that the Lie derivative of ω satisfies L v ω = ω, v points out of X and ι v ω is a contact form for ξ. Moreover, (X, ω) is a strong symplectic cap for (Y, ξ) if it satisfies all the properties above, except ∂X = −Y and v points into X. We also say (X, ω) is a weak filling of (Y, ξ) if ∂X = Y and ω| ξ > 0 (here all our contact structures are co-oriented). Similarly, (X, ω) is a weak cap of (Y, ξ) if ∂X = −Y and ω| ξ > 0.
The existence of symplectic caps has a long history. The first result concerning the existence of symplectic caps was due to Lisca and Matic [31] for Stein fillable contact structures and Akbulut and Ozbagci [1] gave a more explicit construction of these caps in the spirit of this paper. The first author and Honda [16] and Gay [24] then proved that any contact structures had symplectic caps, in fact proved that they had infinitely many caps (with different topology). Eliashberg [10] and the first author [13] proved that weakly fillable contact structures had weak symplectic caps (they actually proved something stronger, but it is not relevant to the story here). Given that symplectic caps exist for any contact manifold, one is lead to the following obvious question.
Question 4.
Given any closed contact 3-manifold (Y, ξ), is there a 4-manifold X with ∂X = −Y that has infinitely many smooth structures, each of which admits a symplectic structure that is a strong cap for (Y, ξ)?
We note that the analogous question for symplectic fillings sometimes has the answer of NO and sometimes YES. For example, overtwisted and many tight contact structures have no symplectic fillings at all and even ones that do frequently have only one or finitely many (up to blowing up and down) [29, 30, 32, 35, 38, 39, 44] . On the other hand, [4] shows the answer is YES for some contact manifolds.
We now briefly sketch the proof of the two theorems above. To prove Theorem 1.4 we will first construct a symplectic cap (X, ω) for (Y, ξ) that embeds in a closed symplectic manifold (W, ω ). Then it is well known, by combining work of Taubes [40] concerning the non-vanishing of the Seiberg-Witten invariants of a symplectic manifold and Fintushel and Stern [20] on changing Seiberg-Witten invariants, that W has infinitely many smooth structures each of which supports a symplectic structure. Then by the construction of X and work of Boyer [7] on topological manifolds with boundary, we will see that X has infinitely many smooth structures each of which supports a symplectic structure making it a cap for (Y, ξ). This will be carried out in Section 3
Building on this we prove Theorem 1.1 by taking any closed oriented 3-manifold Y and embedding it in a symplectic (in fact Weinstein) cobordism (C, ω ) from a fillable contact manifold (M, ξ) to another contact manifold (M , ξ ) so that Y separates the boundary components of C. Then building a symplectic cap (X, ω) for (M , ξ ) we can proceed, with care, as above to produce the infinite exotic fillings of Y . This will be carried out in Section 4. We end this introduction by noting this proof brings up an interesting topological question about "factoring" cobordisms. Notice that this question vastly generalizes the well studied, but still mysterious, problem of determining which 3-manifolds embed in R 4 . To see this notice that if a closed 3-manifold embeds in R 4 then Y separates R 4 into two pieces. Removing a point from the compact piece will give an embedding of Y into S 3 × R, or equivalently into S 3 × [a, b] and Y will separate the boundary components. There are many easy obstructions one can come up with for such embeddings, but their study will be left for future work.
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BACKGROUND

Contact structures, Weinstein cobordisms, and open books.
We assume the reader is familiar with basic results concerning contact and symplectic geometry and open book decompositions as can be found in [15] , but we briefly recall some of this to establish notation and for the convenience of the reader.
We begin by recalling that a Legendrian knot L in a contact manifold (Y, ξ) has a standard neighborhood N and a framing f r ξ given by the contact planes. If L is null-homologous then f r ξ relative to the Seifert framing is the Thurston-Bennequin invariant of L. If one does f r ξ −1 surgery on L by removing N and gluing back a solid torus so as to affect the desired surgery, then there is a unique way to extend ξ| Y −N over the surgery torus so that it is tight on the surgery torus. The resulting contact manifold is said to be obtained from (Y, ξ) by Legendrian surgery on L.
Recall a symplectic cobordism from the contact manifold (Y − , ξ − ) to (Y + , ξ + ) is a symplectic manifold (W, ω) with boundary −Y − ∪ Y + where Y − is a concave boundary component and Y + is convex. Here, unless specifically stated otherwise, we mean convex and concave in the strong sense defined above. The first result we will need concerns when symplectic cobordisms can be glued together.
, then we may use the contactomorphism to glue X 1 and X 2 together to get a symplectic cobordism from (Y
The proof is a simple exercise, cf. [12] .
Another way to build cobordisms is by Weinstein handle attachment, [28, 43] . One may attache a 0, 1, or 2-handle to the convex end of a symplectic cobordism to get a new symplectic cobordism with the new convex end described as follows. For a 0-handle attachment, one merely forms the disjoint union with a standard 4-ball and so the new convex boundary will be the old boundary disjoint union with the standard contact structure on S 3 . For a 1-handle attachment, the convex boundary undergoes a, possibly internal, connected sum. A 2-handle is attached along a Legendrian knot L with framing one less that the contact framing, and the convex boundary undergoes a Legendrian surgery.
Given a surface Σ with boundary and a diffeomorphism φ : Σ → Σ that is the identity near ∂Σ we can form a close 3-manifold M (Σ,φ) by gluing solid tori to the boundary of the mapping torus
where (1, x) ∼ (0, φ(x)), so that the meridians to the solid tori map to {p} × [0, 1]/ ∼ for some p ∈ ∂Σ. If M is diffeomorphic to M (Σ,φ) then we say that (Σ, φ) is an open book decomposition for M . Following work of Thurston and Winkelnkemper [41] , Giroux [26] showed that there is a unique contact structure associated to an open book decomposition, we say that the contact structure is supported by the open book. Moreover, he also showed that every contact structure is supported by some open book decomposition and if an open book is positively stabilized, then the supported contact structure is same. A positive stabilization of (Σ, φ) is (Σ , φ ) where Σ is obtained form Σ by attaching a 2-dimensional 1-handle and φ = φ • τ γ , where γ is a curve on Σ that intersects the co-core of the 1-handle exactly once (and transversely) and τ γ is a right handed Dehn twist about γ. 
This lemma and the following theorem are proven in [15] . c structures on X to the integers Z. Recall that a spin c structure s has an associated Chern class c 1 (s) ∈ H 2 (X). Given this for any h ∈ H 2 (X) we can define
Moreover, since it is well-known that this function is non-zero for finitely many homology classes, we can conveniently represent this function as an element in the group ring Z[H 2 (X)] by the formula
There are two main results we will need concerning Seiberg-Witten invariants. The first one concerns how the Seiberg-Witten invariants change under knot surgery. To state the result we recall the knot surgery procedure. Let X be a 4-manifold and T a torus embedded in X with trivial normal bundle. So T has a neighborhood N T = T × D 2 . Let K be a knot in S 3 and
and has boundary T 3 . Thus we may glue X \N T and (S 3 \N K )×S 1 together so that ∂D 2 in N T is glued to the longitude for K in (S 3 \ N K ) × S 1 . The resulting manifold is denoted X K and is called the result of K-knot surgery on X. One may easily check that the homology and intersection pairing of X K and X are the same. We note that there is some ambiguity in the diffeomorphism type of X K as our gluing data does not uniquely specify a diffeomorphism, but this ambiguity will not affect the result below.
While the knot surgery construction is very general, we will consider it in the case that T sits nicely in a cusp neighborhood. A cusp neighborhood C is the neighborhood of a cusp singular fiber in an elliptic fibration, see [28] for more details. A handle picture for C is given in Figure 1 . The complement of the singular fiber in the cusp neighborhood is a T 2 fibration over a punctured 0 −n FIGURE 1. The surgery diagram on the left without the unknot is a cusp neighborhood. A regular torus fiber can be seen in the neighborhood by taking the punctured torus Seifert surface for the trefoil and capping it off with the core of the 2-handle. The diagram on the left is a Gompf nucleus N n which clearly contains a cusp neighborhood. On the right is a Weinstein diagram for N 2 .
disk. We will consider the knot surgery along tori that are fibers in this fibration. [20] ). Let X be a smooth 4-manifold with b + 2 (X) > 1. Suppose X contains a cusp neighborhood C and T is a torus fiber in C. Let K be a knot in S 3 and X K the result of K-knot surgery on X. Then we have
Theorem 2.4 (Fintushel and Stern 1998,
where ∆ K is the symmetrized Alexander polynomial of K.
In our applications below we will actually want the tori along which we do knot surgery to be in a slightly more constrained. Specifically we would like them to lie in Gompf nuclei N n [27] . This is an enlargement of a cusp neighborhood and can be thought of as a neighborhood of a cusp fiber and a section in an elliptic fibration. See Figure 1 for a picture of N n .
The last result about knot surgery is a simple, but insightful, observation of Fintushel and Stern.
Lemma 2.5 (Fintushel and Stern 1998, [20]
). Let (X, ω) be a symplectic 4-manifold and T a symplectically embedded torus with trivial normal bundle. If K is a fibered knot in S 3 , then X K may be constructed so that it has a symplectic structure ω K . Moreover, in the complement of the surgery region of X K and the neighborhood of the torus in X the symplectic structures ω K and ω agree.
To state the second about Seiberg-Witten invariants that we will need involves symplectic manifolds. We recall that given a symplectic manifold (X, ω) there is a contractible space of almost complex structures compatible with ω and an almost complex structure uniquely determines a spin c structure. Thus to a symplectic form ω there is a canonical spin c structure s ω associated to it.
Theorem 2.6 (Taubes 1994, [40] ). Let (X, ω) be a closed symplectic 4-manifold with b + 2 (X) > 1. If s ω is the canonical spin c structures associated to ω, then SW X (s ω ) = ±1. In particular, we know that SW X = 0.
We now turn to topological 4-manifolds. Here the main result we need is the following. Theorem 2.7 (Boyer 1986 , [7] ). Let Y be a closed, oriented, connected 3-manifold and L be a symmetric pairing on Z n . There are finitely many homeomorphisms types of compact, simply connected, oriented 4-manifolds with boundary Y and intersection pairing isomorphic to (Z n , L).
SYMPLECTIC CAPS
The first part of the following proposition is almost proven in [1, 3, 16, 24] and the second part in [10, 13] , but as the argument is simple and we need caps with all the listed properties we sketch the proof below. Proposition 3.1. Given any closed contact 3-manifold (Y, ξ), there is a (strong) symplectic cap (C, ω) for (Y, ξ) that is simply connected and contains a Gompf nucleus N 2 whose regular fiber is symplectic and has simply connected complement. More generally, given a weak filling (X, ω ) of (Y, ξ), there is a closed symplectic manifold (X , ω ) into which (X, ω ) embeds with complement C being simply connected and containing a Gompf nucleus N 2 whose regular fiber is symplectic and has simply connected complement in C.
Proof. We will build the strong symplectic cap (C, ω) in four steps.
Step 1. Construct a cobordism (C 1 , ω 1 ) from (Y, ξ) to another contact manifold (Y , ξ ) that is simply connected and contains N 2 .
The cobordism (C 1 , ω 1 ) is built by adding Weinstein 2-handles to the convex end of the trivial symplectic cobordism ([0, 1] × Y, d(e t α)), where α is a contact form for ξ and t is the coordinate on [0, 1]. We begin by noting that one may attach a sequence of 2-handles to [0, 1] × Y to kill the fundamental group as each 2-handle adds a relation to the fundamental group. The attaching circles of the 2-handles may be made Legendrian and the framings can be taken to be one less that the contact framings, thus we can take the handle attachments to be Weinstein 2-handles attachments. We finally attach two more Weinstein 2-handles as shown on the right hand side of Figure 1 . The resulting cobordism is (C 1 , ω 1 ).
Step 2. Construct a cobordism (C 2 , ω 2 ) consisting of Weinstein 2-handle attachments from (Y , ξ ) to the contact manifold (Y , ξ ) where Y is the S 1 -bundle with Euler number −1 over a surface Σ of some genus and ξ is the S 1 invariant contact structure that is transverse to the S 1 -fibers.
A more detailed version of this argument may be found in [15] , but we sketch it here for the readers convenience. Let (Σ, φ) be an open book supporting the contact structure (Y , ξ ). By stabilizing the open book we can assume that Σ has a single boundary component. Let g be the genus of Σ. It is well-known that the mapping class group of Σ is generated by Dehn twists about α 1 , . . . , α 2g+1 show in Figure 2 . All facts we use about diffeomorphisms of surfaces are well-known and can be found, for example, in [19] . Fix some factorization of φ in terms of these Dehn twists. We will begin Step 2 by attaching 2-handles so that the upper boundary has monodromy that is a composition of Dehn twist about only the curves α 1 , . . . , α 2g . We may do this as follows. If there are any negative Dehn twists about α 2g+1 in the factorization then after conjugating φ (which does not change the contact manifold supported by the open book) we can assume it is at the end of the factorization, then we can attach a Weinstein 2-handle to α 2g+1 as in Theorem 2.3. This gives a cobordism where the upper boundary had the right handed Dehn twist about α 2g+1 added, and this cancels the left handed Dehn twist. So we can now assume there are only right handed Dehn twists about α 2g+1 . If there is one, conjugate it to the end of the factorization and add a Weinstein 2-handle to β. Now apply the chain relation
to remove the right handed Dehn twist about α 2g+1 (and about β). We now have a symplectic cobordism with upper boundary a composition of Dehn twists about only the curves α 1 , . . . , α 2g . By attaching Weinstein 2-handles as in Theorem 2.3 to the curves α 1 , . . . , α 2g as necessary we can arrange that the upper boundary is supported by an open book with factorization a power of (τ α 1 · · · τ α 2g ) 4g+2 . Then applying the chain relation
we have a symplectic cobordism with upper boundary having monodromy τ n γ for some n. We can now attach Weinstein 1-handles so that the upper boundary is supported by an open book (Σ , φ ) where Σ is shown in Figure 2 and φ is simply τ n γ . We can choose the genus of Σ large enough so that after adding more Dehn twists we can apply the chain relation again to see that the monodromy is τ γ . It is easy to see that the resulting manifold is the claimed S 1 -bundle over the capped off Σ and the contact structure is as claimed, [11] .
Step 3. Construct a strong symplectic cap (C 3 , ω 3 ) for (Y , ξ ).
Let C 3 be the D 2 bundle over Σ with Euler number 1. It is well-known, cf. [33] , that there is a symplectic structure ω 3 on C 3 so that the boundary is concave. That is (C 3 , ω 3 ) is a symplectic cobordism from Y with some contact structure to the empty contact manifold, that is a cap. We are left to determine the contact structure on Y for which this is a cap. There are several ways to see that the contact structure is ξ , but we refer to [25] or [11] for a nice description of this.
Step 4. Construct the cap (C, ω) for (Y, ξ) with all the desired properties.
Using Lemma 2.1 we may glue the three cobordisms constructed above together to get a cap (C, ω) for (Y, ξ) since the first cobordism is simply connected and the second two cobordisms are constructed with 2, 3, and 4-handles we see that C is simply connected. It clearly contains N 2 and a regular fiber T in N 2 transversely intersects an S 2 (the −2-framed unknot in Figure 1 ) we see that the meridian to T is null-homotopic in the complement of T . Since the fundamental group of C −T is generated by meridians, we see that C − T is simply connected. Moreover, it is well-known that the regular fibers in the cusp neighborhood in Figure 1 can be taken to be symplectic. This can be seen in several ways, one way is to take the Lagrangian punctured torus that the trefoil in Figure 1 bounds and capping it with the Lagrangian core of the 2-handles. This gives a Lagrangian torus isotopic to a fiber, since this fiber is not null-homologus (since it intersects the S 2 discussed above) the symplectic form may be perturbed to make the torus symplectic, cf. [12] . Thus (C, ω) has all the desired properties.
Turing now to the case of a weak filling (X, ω) of (Y, ξ), we first recall that Weinstein handles can be added to a weak filling to obtain a new weak filing, see [17] . An argument very close to that given in Step 2./ above, allows us to attach handles to (X, ω) to obtain a new symplectic manifold (X , ω ) with weakly convex boundary into which (X, ω) embeds. For details see [15] . If M is a rational homology sphere, a weak symplectic filling can be modified near the boundary into a strong symplectic filling [34] . Thus we may assume that (X , ω ) has a strongly convex boundary and can hence be capped off as above yielding the claimed symplectic manifold (X , ω ) into which (X, ω) embeds.
We are now ready to prove our main theorem about symplectic caps.
Proof of Theorem 1.4. Let (X, ω) be a symplectic filling of (Y, ξ). From Proposition 3.1 we know that there is a closed symplectic 4-manifold (X , ω ) into which (X, ω) embeds such that (C, ω C ) = (X − X, ω ) is a symplectic cap for (Y, ξ) with all the properties listed in the proposition.
Choose a sequence of fibered knots K i in S 3 with genus equal to i, in particular notice that this implies that the highest degree in the Alexander polynomial of K i is i. Let X i be the result of K i knot surgery on X using the fiber torus in the cusp neighborhood guaranteed by Proposition 3.1. According to Lemma 2.5 X i has a symplectic structure ω i . Clearly (X, ω) embeds in all of these and so (C i , ω C i ) = (X i − X, ω i ) are all symplectic caps for (Y, ξ).
We are left to see that the C i are all non-diffeomorphic and, at least an infinite subset of them, are homeomorphic. For the later, notice that the C i are all obtained from C by K i knot surgery. As noted in Section 2.2 all the C i will have the same homology and intersection form. Moreover, since the complement of the torus used for knot surgery is simply connected it is easy to see that the C i are also simply connected. Since Theorem 2.7 of Boyer says there are only a finite number of homeomorphism types with this intersection form and boundary, we see that an infinitely subset of the C i must be homeomorphic.
Now to see all the C i are not diffeomorphic we use Theorem 2.6 of Taubes to see that SW X = 0. Now Theorem 2.4 says
where T is the torus in the cusp neighborhood. Recall this is an equation in the group ring Z[H 2 (X )]. Below we will show that these are all distinct elements (note this is not completely obvious as group rings can have zero divisors since H 2 (X ) might have torsion), but given this we see all the manifolds X i are not diffeomorphic. But if any two of the C i are diffeomorphic by a diffeomorphism that is the identity on the boundary, then we could extend the diffeomorphism over the corresponding X i , thus all the C i are not diffeomorphic.
To see the SW X i we study the group ring of H 2 (X ). Let G be the subset of H 2 (X ) generated by [T ] . Note that as noted in the proof of Proposition 3.1, there is a sphere in X that intersects T transversely and in one point. Thus [T ] is of infinite order in H 2 (X ) and we see that G is isomorphic to Z. It is easy to see that Z[Z] is the set of Laurent polynomials with integer coefficients and hence has no zero devisors. Now Lemma 1.1.4 in [37] says that if G is a subgroup of H and α is an element of Z[G], then α is a zero devisor in Z[G] if and only if it is a zero devisor in Z [H] . (The cited lemma considers group rings with over a field, but clearly this implies the results for group rings over Z). Thus all the SW X i are non-zero. Finally let SW X = β where the highest power of
And this element of the group ring has a non-zero coefficient on the element t n+2i
[T ] and all the coefficients on terms having a power t m
[T ] with m > n + 2i are zero. Thus all the SW X i are distinct. By performing knot surgery on X using knots with non-monic Alexander polynomials, we can similarly construct an infinite number of smooth structures that do not admit symplectic structures. The corresponding C cannot admit symplectic structures giving a cap for (Y, ξ) or we could glue them to (X, ω) to obtain a symplectic structure for the smooth structure on X .
EMBEDDING 3-MANIFOLDS IN SYMPLECTIC CAPS
In order to prove our main theorem, we will need a preliminary results about factoring cobordisms.
Theorem 4.1. Given any 3-manifold Y , there is a symplectic cap (C, ω) for (S 3 , ξ std ) into which Y embeds so that C \ Y has two components and the component not containing S 3 is simply connected and contains a cusp neighborhood.
Proof. We will build a symplectic cobordism (C , ω ) from (S 3 , ξ std ) to another contact manifold (Y , ξ ) into which Y embeds so that it separates the ends. Once this is done the proof is complete as we can add the symplectic cap for (Y , ξ ) from Proposition 3.1 to the top of (C , ω ) to build the desired cap for (S 3 , ξ std ).
We begin by letting L be a link on which integer surgery gives Y . Let C 1 be the cobordism obtained by attaching 2-handles to L with framings given by the surgery coefficients. So C 1 is a cobordism from S 3 to Y . If L can be realized by a Legendrian link so that the Thurston-Bennequin invariants of the components of the link are larger than the framing used for the surgery, then C is can be made to have a symplectic structure. More specifically, we may attach Weinstein handles to ([0, 1] × S 3 , d(e t α std )) to obtain a symplectic cobordism from (S 3 , ξ std ) to Y with some contact structure on it. This will be (C , ω ) in this case. Of course this cannot happen for all Y as this implies that Y has a Weinstein fillable contact structure.
In the general case, we will start with the smooth cobordism C 1 and construct cobordism a smooth cobordism C 2 from Y to Y such that the result of gluing C 1 to C 2 has symplectic structure giving a symplectic cobordism from S 3 to Y into which Y embeds. The cobordism C 2 is build by attaching the handles shown in Figure 3 to Y × [0, 1] sufficiently many times. We now see that C 1 ∪ C 2 is a Weinstein cobordism from (S 3 , ξ std ) to some contact structure on Y . To see this notice that the 2-handle in Figure 3 bounds a punctured torus and so the contact framing is given by the Thurston-Bennequin invariant which is 1. Now let K be a component of L on which we want to do n surgery, but n is larger than the maximal Thurston-Bennequin invariant of Legendrian representatives of K, we denote this by tb(K). If we slide K over the 2-handle in Figure 3 to get a knot K which is the connected sum of K and the attaching circle K for the 2-handle in Figure 3 . In the resulting handle diagram the framing on K is still n, it is simple to see that, or consult [14, 18] , that tb(K#K ) = tb(K) + tb(K ) + 1. Thus we have increased the maximal Thurston-Bennequin invariant of K but not changed the framing of the handle attachment. After doing this a sufficient number of times we will be able to attach a Weinstein handle K (actually what K becomes after the slides). We can do this for each component of L and thus see that C 1 ∪C 2 indeed has the structure of a symplectic cobordism.
We are now ready to prove that any closed, oriented 3-manifold admits a simply connected topological filling with infinitely many smooth structures.
Proof of Theorem 1.1. Given Y let (C, ω) be the cap form Theorem 4.1. We can symplectically glue (C, ω) to (B 4 , ω std ) to get a closed symplectic 4-manifolds (X, ω) into which Y embeds so that X \ Y has two components, one of which is simply connected and contains the Gompf nucleus N 2 . The argument now is exactly the same as the proof of Theorem 1.4 (although the argument that the Seiberg-Witten invariants being different is slightly easier, since X is simply connected and hence H 2 (X) has no torsion).
